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1 Co-ordinate systems

1.1 Elements of spherical astronomy

From the point-of-view of positional astronomny { determining the positions and changesof posi-
tions of stars (eg. to measureparallax, proper motion { and just sowe can nd the damn things)
{ it is corveniert to pretend that celestialobjects lie on the surfaceof a sphere.In other words,
for theselimited purposeswe can ignore the actual distancesof sud objects.

It is alsoconveniert to pretend that the obsener (or the Earth) remains xed and the celestial
sphere (or \sky") rotates. Pleasebe assuredthat we do not actually beliewe this, it's just a
cornveniert ction.

Spherical astronony - actually spherical trigonometry - is concernedwith the accurate mea-
suremen of stellar positions. It includessud things as correctionsfor the distorting e ects of
atmosphericrefraction, the aberration of starlight and the \shifts" causedby the precessiorand
nutation of the Earth's axis.

Co-ordinate systemsand the various things which a ect them are very simple in principle but,
like many apparertly simplethings, the closeryou look, the more complicatedand corvolved they
get. Here we will just look at a few basic principles to get an idea of someastronomically useful
co-ordinate systems.

1.1.1 Circles

Figure 1: The circle containing CDE is a great circle; that containing AB is a small circle.

For a sphere:

Any planar sectionof a sphereis a circle.

A plane section which passesthrough the certre of the sphereintersectsthe spherein a
great circle ,



and any other plane intersectsthe spherein a small circle .

The axis of any great or small circle is the diameter of the sphereperpendicularto the plane
of the circle,

and the poles of the circle are wherethe axis intersectsthe sphere.
Secondaries to any circle are great circles passingthrough the polesof the circle.
1.1.2 Example: Latitude & Longitude

Perhapsthe most familiar sphericalco-ordinate systemis the systemof latitude and longitude
on the surfaceof the Earth.
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Figure 2: The terrestrial latitude and longitude system

In this case,we have:

The equator { or equatorial plane { which is e ectively the fundamen tal plane of the
system,

the north and south poles { which are the polesof the equatorial plane,

small circlesformed by planesparallel to the equatorial plane { which are the parallels of
latitude

and great circlessecondaryto the equatorial planewhich form the meridians of longitude .

By international agreemety the intersectionof the equatorial planewith the Greenwich merid-
ian (the greatcircle through the polesand the zenith at Greerwich) de nesthe zeroof the system.
So, latitude is measuredfrom the equator (0 ) to the north pole (+90 ) or the south pole ({90 )



and longitude is measuredfrom the Greerwich meridian 180 eastor west OR (since one full
rotation of the Earth is 360 { which is equivalent to 24 hours) 12 hours eastor west.

The astronomical spherical co-ordinate systemsare all pretty much simple analoguesof the ter-
restrial latitude and longitude system;you just have to be aware of the zero-point and to know
how the equivalert to longitude is de ned.

1.1.3 Spherical angles and triangles

The anglebetweentwo great circlesis the anglebetweentheir planes. This spherical angle can
be de ned as:

the angle betweenthe tangerts to the great circlesat their points of intersection,
the angle betweentheir poles,
the arc which they intercept on a great circle to which they are both secondaries.

Clearly, thesede nitions are all equivalert.

Figure 3: A spherical triangle formed by three great circle sides.

A spherical triangle is a portion of the surfaceof a sphereboundedby three great circles. Since
agreatcircle is a gealesicon a sphere{ the shortestdistancebetweentwo points { it is analogous
to a straight line on a plane and the sphericaltriangle is the analogueof the plane triangle.

If we chop a sphereinto eight octants, it is very easyto seethat a sphericaltriangle canhave three
right-angles. If we considera very small sphericaltriangle, this will be almost indistinguishable
from a planetriangle for which the sum of the anglesis 180 . At the other limit, asthe spherical
triangle approadesbeing a great circle, all three angleswill tend towards 180, sowe can write
{ for a sphericaltriangle:

180 < (sum of the angles) < 540



A sphericaltriangle hasthree sides(!) and three angles,but the sidescan also be expressedas
the anglessubtendedat the certre of the sphere,soe ectively the six componerts are expressed
asangles.

A further di erence betweena sphericaland a planar triangle is that on the surfaceof a sphere,
a triangle is completely determinedif the three anglesare given (i.e. any three given componerts
determinethe triangle).

Various formulae can be derived for solving sphericaltriangles, probably the most useful are the

sine rule : _ ) )
sina _ sinb _ sinc

sinA  sinB  sinC

and the cosine rule :
cosa = cosbcosc + sin bsin ccosA
(and analogousexpressiondor cosb and cosc) which can be usedto solve most problems.

Note, howeer, that ambiguities can occur in sphericaltriangles. A value sin x = 0.5 can result
in x = 30 or x = 150, sothat a\common sense"ched that the answer is sensibleis even more
necessarythan usual.

REMEMBER THAT THE ABOVE EQUATIONS APPLY ONLY TO SPHERICAL TRIAN-
GLES { TRIANGLES WITH SIDES WHICH ARE GREAT CIRCLES.

1.1.4 Small circles

From Figure 1, note that the arcs AB and CD subtend the sameanglesat the polar axis. But
AB is clearly shorter than CD. (Of course,ABP is not a sphericaltriangle, whereasCDP is).
In general,where AB and CD lie on parallel planes,the arc AB is:

AB = CD cosA"C

where is the certre of the sphere.

In the caseof the terrestrial (latitude/longitude) system,A and C would have the samelongitude
and B and D would have the samelongitude, but the distance AB would be given by:

AB = CD cos(latitude)

(and note that the great circle distancebetweenA and B would be smaller than the small circle
distance).

1.1.5 The sky

Of course,the apparert diurnal (daily) and annual motions of celestialobjects are causedby the
Earth's rotation on its axis and its orbit around the Sun respectively, But for the purposesof
positional astronony, it is corveniert to regardthe obsener as xed and the hearensas moving.

The celestial poles and the celestial equator are the imaginary projections on to the sky of
the polar axis and equator of the Earth.

If you were located at the north (or south) pole, the celestial north (or south) pole would be
directly overhead{ at your zenith and the south (or north) pole would be directly below you



{ at your nadir . The celestialequator would co-incidewith your (at) horizon, and you would
only ever seeone hemisphereof the sky.

If you were located on the equator, the celestial equator would passthrough the eastand west
points of your horizon and your zenith and the celestialpoleswould be located at the north and
south points on your horizon. You would be able to seethe whole sky (during the courseof the
year).

More generally the situation is asshown in Figure 4.
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Figure 4: The sky from the northern hemisphere,alas.

The meridian is the great circle through the polesand the zenith and nadir. The cardinal
points are de ned by the intersection of the celestial equator with the horizon (east and west
points) and by the intersection of the meridian with horizon (north and south points).

Note that the eleation of the pole{ the anglebetweenthe polar axis and the horizon{ is equalto
the latitude ( ) of the obsener (if you're at the south pole, the celestialpoleis directly overhead,;
at the equator, your latitude is zero and the elewation of the celestial pole is zero{ it's on the
horizon).
1.2 Horizon tal or altitude and azimuthal (\alt-az") co-ordinates
The simplestastronomical co-ordinate systemis the horizortal or \alt-az" system. For this:
The fundamen tal circle is the horizon ;
the poles are the zenith and nadir ;
the origin is the north point { or at least, the intersectionof the meridian with the horizon;
the co-ordinatesare:

{ azimuth (A) measuredfrom the north point. Usually this isfrom O to 360 eastvards
(i.,e N to Eto Sto W) but it canalsobewestwvards0 to 360 or even0 to 180 eastand



west, So clearly you needto know what corvertion is being usedin the systemyou're
looking at;

{ altitude (a) measuredfrom O to 90 from the horizonto the zenith along a secondary
great circle to the horizon.

{ Sometimesenith distance (z) isused,wherez= 90 { a. Wewill comeacrosshis later
when correcting photometric obsenations for the e ects of atmospheric\extinction".
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Figure 5: Horizontal or \alt-az" (altitude and azimuth) co-ordinates.

The horizontal or alt-az co-ordinatesof a celestial object are both changing with time as the
object risesand then sets. Consequetly, they are not terribly usefulfor specifying the position of
an object { you would have to have the co-ordinates(A,a) and know the location of the original
obsener as well as the date and exact time of the obsenation. Then you would have tedious
calculationsto performto determinethe location of the object on the sky at your site/date/time.

On the other hand, most large telescoges are alt-az mounted (for engineeringreasons)and so
the co-ordinate systemis very useful. It is, however, relatively simple, given an essetially time-
invariant co-ordinatesystem,to determinethe altitude and azimuth at a givenlocation and time.

1.3 Hour angle and Declination (\First Equatorial") co-ordinates
The rst equatorial systemis a steptowards an obsener-independer co-ordinatesystem. In this:
The fundamen tal circle is the celestial equator ;

the poles are the north and south celestial poles;

the origin is the intersection of the meridian with the celestialequator;

the co-ordinatesare:
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Figure 6: Horizontal or \alt-az" (altitude and azimuth) co-ordinates, measuredfrom the North point easivards.

{ hour angle (HA, H or h) measuredwestvards from north, from 0 to 360, though
usually the time equiwvalert is used (Oh to 24h) and often hour angle is expressedas
positive west of the meridian (1h, 2h, etc) and negative east of the meridian (-1h, -2h,
etc). Sincethe hour angleis measuredrom the obsener's meridian, it is alocal measure
and is sometimescalled the Local Hour Angle .

{ declination ( ) measuredfrom O to +90 from the celestialequatorto the north pole
and from 0 to {90 from the celestialequatorto the south pole along a secondarygreat
circle to the celestialequator.

Note that:

Objects rise and set, travelling acrossthe sky at constart declination, but travelling along
small circles{ exceptfor objects exactly on the celestialequator.

Objects are at their highestaltitude asthey crossthe meridian - they are saidto be at upp er
transit or culmination

The declination of a star is independen of the obsener.

A telescog on an equatorial mount { whereoneaxis is aligned with the polar axis { can
be set on an object at a certain declination and then driven around the polar axis (i.e. only
around one axis) to track that object.

Although the Hour angle co-ordinateis not obsener-independen, it is still a useful conceptfor
somepurposes.
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Figure 7: \First equatorial co-ordinates": Hour angle and declination.
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Figure 8: Hour angle

1.4 Right Ascension and Declination (or \Second Equatorial*) co-ordinates

The RA and decco-ordinate systemis de ned by;

The fundamen tal circle is the celestial equator ;
the poles are the north and south celestial poles;

the origin is the intersection of the celestialequator with the ecliptic (the apparern path of
the Sun acrossthe sky). This intersectionis called the \First point of Aries” and also
the Vernal Equino x or Spring Equino X;

the co-ordinatesare:

{ right ascension ( ) measuredeastvards from the vernal equino, from Oh to 24h.

10



{ declination ( ) measuredfrom O to +90 from the celestialequatorto the north pole
and from 0 to {90 from the celestialequatorto the south pole alonga secondarygreat
circle to the celestialequator.
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Figure 9: \Second equatorial co-ordinates": Right ascensionand declination.

The origin or zero point of this system, the vernal equino, also takes part in the diurnal and
annual motion of the stars, sothat the axesof the co-ordinate systemare xed by the celestial
equatorand polesand provided oneknows wherethe origin is at any time, any star canbe located
from its ( , ) position.

We locate the vernal equinox using sidereal time .

1.4.1 Sidereal time

The interval betweentwo successig transits of a star acrossthe meridian is onesiderealday. This
is slightly shorter than the meansolar day becauseof the Earth's motion around the Sun.

The siderealday is divided into hours, minutes and secondsjn the sameway asthe meansolar
day, but these of courseare all a bit shorter than their mean solar courterparts. The sidereal
day would be the measureof the true rotation period of the Earth, exceptthat it is not actually
de ned by the passageof stars acrossthe meridian, but by the passagef the rst point of Aries {
the vernal equinax. Due to the phenomenorof precession, the vernal equino drifts by about 50
arcsecondger year. The corvertionally adoptedsiderealday is thus about 0.009secondsshorter
than the true period of rotation of the Earth and is about 23h 56m 4.1s.

From the point-of-view of determining star positions, 24 siderealhours elapsebetweensuccessig
transits of a star acrossthe meridian. Any given star thus completes360 in 24h, soits hour
angleincreasesat a rate of 15 per hour (15 arcminutes per minute; 15 arcsecondger second).
The hour angleof a star is thus generallymeasuredn elapsedunits of siderealtime sincethe star
crossedthe meridian. In other words:

(Local Hour angle of a star) = (Local Sidereal Time) (RA of the star)

11
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Figure 10: Siderealtime.

Note that for a star on the meridian, the (Local Hour angle of a star is zero, so that:

(Local Sidereal Time) = (RA of the star)

In particular, the start of the siderealday is the instant that the vernal equino crossesthe
meridian { and the siderealtime is the hour angle of that point. Sincethe meridian is speci ¢ to
the obsener, we refer to siderealtime asLocal Sidereal Time . We have de ned:

(Local Sidereal Time) = (Local Hour Angle of the Vernal Equinox)

Clearly , once we have a tic king local sidereal clock, we know where the zero point of
the RA co-ordinate scale is.

There are a coupleof equivalert ways of looking at the siderealtime:

Imagine that the Earth always keepsthe samefaceto the Sun (as the Moon doesto the
Earth) { the rotation period is the sameasthe orbital period and we say they are \phase{
locked". In this case,there will be no solarday, becausehe Sunwill appear unmoving from
any point on the Earth. But the stars will slowly drift acrossthe sky and the siderealday
will be oneyear long. In other words, the orbit of the Earth around the Sun generatesan
extra siderealday (comparedto solar days) ead year. A normal year thus cortains roughly
365.25s0lar days and 366.25sidereal days, so the siderealday is 365.25/366.250f a solar
day { which is about 23h 56m 4.1s,as noted earlier.

Relative to the badkground stars, the Sun appearsto move { thereforeit movesin RA { by
360/365.25d or a bit lessthan a degreeper day, Sincelh 15, the RA of the Sunappears
to increaseby a bit lessthan 4 arcminutes per day, We shall return to this whenwe look at
ecliptic co-ordinates.

12



1.4.2 Conversion between horizon tal and equatorial co-ordinates
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Figure 11: Sphericaltriangle for conversion betweenalt-az (H,a) and equatorial co-ordinates( , ).

For a star at position X in the gure, and given the de nitions of horizortal and equatorial
co-ordinates,it is easyto seethat the sphericaltriangle PZX hassides:

PZ =90 { ,where isthe obsener's latitude,

ZX = 90 { a, wherea s the altitude of the star ((90-a) is the zenith distance, z),
PX =90 { , where isthe declination of the star,

ZBX = H, the hour angle of the star,

PZX = 360 { A, whereA is the azimuth of the star,

PX Z = is calledthe parallactic angle (nothing to do with parallax).

Applying the cosinerule:
cod90 a) = cog90 )coqd90 ) + sin(90 ) sin(90 ) cogH)

So:
sin a = sin sin + cos cos cosH

Applying the sinerule:

sin(360 A) _ sin(H)
sin@0 )  sin(90 a)
SO: .
sin A = sin H cos
CoS a

or an expressionfor cosA can be derived from the cosinerule. And similar expressionscan be
derived for the inverseproblem{ nding the equatorial co-ordinatesknowing altitude, azimuth,
latitude and LST.

Thus (for example) knowing the latitude  of the obsenatory, the position ( , ) of a star, and
the hour angle H (from Local Sidereal Time) one can compute cortinuously the altitude and
azimuth of the star to track it with a alt-az mounted telescope.

13



1.5 Ecliptic co-ordinates

Becausethe Earth's axisis tilted with respectto its orbital plane, we get seasonsThe di erences
in averagetemperaturesthroughout the year being largely due to;

the Sun'smeridian altitude (and the resulting projection e ect)
the length of the day

both of which are a maximum in summerand minimum in winter. There are, of course,many
other e ects which a ect both the mean seasonaktemperatures and variations from day to day
and placeto place. For example:

the atmosphere(eg. cloudy or clear),
the geographicalaltitude

proximity to the sea

oceancurrens

and soon. So,for example,Edinburgh (in Scotland){ which is further north than either Moscav
or Chicago{ hascooler summersand milder winters than either, becausga) the British Islesare
surrounded by sea,the heat capacity of which hasa \damping" e ect on temperature uctua-
tions, whereasMoscav and Chicagoare in large cortinents, far from the sea,and (b) Britain is
signi cantly warmed all year round by the Atlantic current known asthe Gulf stream.

From the astronomical point-of-view, howeer, the tilt of the Earth's axis causesthe RA of the
Sunto vary between+23 26' and {23 26' during the courseof a year.

July
faphelion)

Figure 12: The Earth's orbit around the Sun.
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Figure 13: The ecliptic relative to RA/dec co-ordinates.

We have already seenthat the Sun movesin RA sud that the RA increasedy a bit lessthan a
degreeper day, asa result of the Earth's orbit aroundthe Sun. This, coupledwith the declination
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changedueto the tilt of the Earth's axis, resultsin the Sunfollowing the path in the sky indicated
in the gure. This path is called the ecliptic .

Of course,the ecliptic is just the intersection of the plane of the Earth's orbit around the Sun
with the celestialsphere. The angleof the tilt of the Earth's rotation axis (the polar axis) to the
pole of the ecliptic (23 26") { which is alsothe angle betweenthe plane of the celestial equator
and the ecliptic plane{ is known asthe obliquit y of the ecliptic and is usually written

The ecliptic co-ordinate systemis de ned by;
The fundamen tal circle is the ecliptic ;
the poles are the north and south ecliptic poles;
the origin is the intersectionof the celestialequatorwith the ecliptic, the Vernal Equino x

the co-ordinatesare:

{ ecliptic (or celestial) longitude ( ) measuredeastvards from the vernal equino,
from 0 to 360.

{ ecliptic (or celestial) latitude ( ) measuredrom O to +90 from the ecliptic to the
north ecliptic poleand from 0 to {90 from the ecliptic to the south ecliptic pole along
a secondarygreat circle to the ecliptic.

auturmnal
equinoe " e

wernal
e uino

Figure 14: Ecliptic co-ordinates( , ).

Any two great circlesintersectin two nodes. Where the Sun crosseshe celestialequator (south
to north) isthe ascending node which hasalsobeende ned asthe vernal (or spring) equino x
wherethe RA = 0Oh. The descending node is the autumnal equinox whereRA = 12h (these
are as seenfrom the northen hemisphere,of course!). When the Sunis at an equinox (meaning

15



\equal night") the Sunis on the equator and the length of day and night are the same, The
summerand winter soltices are whenthe Sunis at extrema of declination (RA = 6h and 18h).

2000yearsago, the vernal and autumnal equinoxes were in the constellations Aries and Libra.
Precessiorhas moved thesepoints, but the nameshave studk and the astrologicalsynmbols for the
constellationsare still usedfor the equincctial points.

Clearly the apparert path of the Sun through the sky is very simple in ecliptic co-ordinates.
Also, the motions of the Moon and planets are typically closeto the ecliptic, so that ecliptic
co-ordinatesare mainly usedfor solar systemobjects.

Conversionequationsbetweenequatorial and ecliptic co-ordinatescan be derived in an analogous
way to the corversionsbetween horizortal and equatorial co-ordinates,using spherical triangle
KPX in the gure.

celestial equator

Figure 15: Sphericaltriangle for the corversion of ecliptic ( , ) and equatorial co-ordinates( , ).

1.6 Galactic co-ordinates

Galactic co-ordinatesare basedon the galactic plane (somekind of median plane of the disk of
the Galaxy) and the direction of the galactic certre. The \b est" position for the location of the
polesand the galactic certre were xed by the International Astronomical Union (IAU) in 1959.
In fact, there was a galactic co-ordinate systembeforethat date - basedon somewhatdi erent
poles and galactic certre and for an \interim" period, both systemswere in use and galactic

latitude and longitude were represeted by (I';0) and (I'';B'). Now, these quartities are
represeted by (I;b), wheretheseco-ordinatesare idertical to (I'';0").

Galactic co-ordinatesare very useful (for example) when we are interested in investigating the
galactic distribution of sourcesgalactic structure or galactic kinematics.

The galactic co-ordinate systemis de ned by;

16



The fundamen tal circle is the galactic plane;

the poles arethe north and south galactic poles. The galactic north poleis at about
= 12'51:4™, = +27 07°(2000.0co-ordinates);

the origin is the direction of the Galactic centre
the co-ordinatesare:

{ galactic longitude (l) measuredeastvardsalongthe galacticequator,from the galactic
certre, from O to 360.

{ galactic latitude (b) measuredfrom O to +90 from the galactic equatorto the north
galactic pole and from 0 to {90 from the galactic equator to the south galactic pole
along a secondarygreat circle to the galactic plane.
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Figure 16: Galactic co-ordinates(I; b).

2 Eects on apparent celestial positions

A number of di erent e ects can alter the apparert positions of stars by small amourts:
on a long time-scale(such as precessiorand nutation):
on an annual basis(aberration and parallax);
\lo cally" (atmosphericrefraction);
or in a secularway (proper motion).

As we shall see,precessiorand nutation actually changethe co-ordinatesystemslightly over long
time periods; aberration and parallax changethe apparen position of stars (due to the Earth's
motion around the Sun;the \lo cal" e ect of refraction is dependernt on the zenith distance of an
object; and the proper motion of a star (the componert perpendicularto the line-of-sigh of it's
real motion or space motion ) changesthe actual position of a star on the celestialsphere.

17



2.1 Precession and Nutation

Treated rigorously, this is a very complicated process, causedby the gravitational e ects of
principally the Moon and Sun (but alsothe planets) on the slightly non-sphericalshape of the
rotating Earth. Herewe look at it in a simpli ed, descriptive way.

2.1.1 Luni-solar precession

Around 125 BC, the Greek Hipparc hus measuredthe celestial latitudes and longitudes of a
number of stars and comparedhis resultsto results from 150yearsearlier. He found the celestial
latitudes essetally unchanged,but the celestiallongitudeshad all increasedby about 2 or about
50 arcsecondger year.

Hipparchus correctly deducedthat the equinokes were drifting in the direction of decreasing
longitude. This is the Precession of the equino xes { now more usually called the Luni-solar
precession or just precession. The currertly acceptedvalueis 50.35" per year, sowe canwrite:

360 60 60 ,

P . o
recessionaperiod 5035

25740years

Precessioroccursbecause:
the Earth is rotating,
the Earth is not exactly spherical;it hasa slight equatorial bulge,

the gravitational elds of the Moon, Sun and planetsa ect the above.

Figure 17: The precessionof the Earth's axis.

The gravitational elds of principally the Moon and Sun produce a torque on the equatorial
bulge tending to pull it towards the ecliptic. Becausethe Earth is spinning, the resultart force
moves the axis of rotation in a precessional circle around the pole of the ecliptic { with the
precessionaperiod.

18
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Figure 18: The precessionof the Earth's axis.

2.1.2 Planetary precession

Planetary precessiorhas a similar longitude e ect to luni-solar precessionbut much smallerin
amplitude ( 0.13") { and actually in the opposite direction. Planetary precessionalso has
a small e ect on the Earth's orbital plane, resulting in a slight shift in the ecliptic itself (i.e.
perpendicular to the main e ect of luni-solar precessionwhich is in longitude).

Luni-solar and planetary precessiontogether are known as general precession and produce
changesin celestiallongitude and latitude and thereforein Right Ascensionand declination. Of
course,the stars are not actually changing position { essetially the de nition of the co-ordinate
systemsare changing. This is somethingof a nuisancebut can be relatively simply corrected.

The eects of precession mean that when quoting or using equatorial co-ordinates
(for example when pointing a telescope at a star) it is imp ortant to know the epoch
of the co-ordinates . Co-ordinateswill therefore usually appear with an attached date { often
1950.00r 2000.0.

2.1.3 Nutation

The Moon's orbit around the Earth is slightly non-circular and the nodesof the orbit alsoprecess
with a period of about 18.6years. In addition, the plane of the Moon's orbit isinclined at about 5
to the ecliptic. Thesefactorsintroducea small variable componert into the luni-solar precession
which resultsin nutation (literally \nodding”). A very small elliptic variation (amplitude of a
few arcseconds)s superimposedon the precessionalariation.

Nutation can be thought of as a secondorder correction to precession.Whilst in practice, the
dominart e ects are due to the Moon, in any kind of detail, it is immenselycomplicated{ the
currently \standard" theory of nutation cortains 106 non-harmonically-relatedsine and cosine
componerts, mainly dueto torque e ects from the Moon and Sun, plus 85 planetary corrections.
The four dominart periodsin nutation are 18.6years,half a year (182.6days), half a month (13.7
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days) and 9.3 years. The gures give someidea of the complexity.
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Figure 19: Nutation of the Earth's axis.
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Figure 20: Detail of nutation.

2.2 Parallax

The phenomenonof parallax is easily understood. Close one eye and look out of the window;
note the position of somedistant object relative to the window frame. Open the closedeye and
closethe open eye { the window frame will appearto have moved relative to the distant object.
It's just a matter of viewpoint.

2.2.1 Geocentric or diurnal (daily) parallax

For stars, distancesare solargethat it doesn'treally matter from whereon the surfaceof the Earth
you obsene them, they're e ectively in the samedirection. For solar system objects howeer,
this is not the case. The angle of parallax can be quite signi cant (see gure) and to avoid
having to specify a place of obsenation, the positions of the Sun, Moon and planets are usually
givenin geocentric co-ordinates- that is, the co-ordinatesas seenfrom the certre of the Earth,
rather than top ocentric { asseenfrom a given place on the surfaceof the Earth.

20



Figure 21: Geocertric or diurnal parallax.

Diurnal parallax varies with the daily rotation of the Earth. From plane triangle OCS in the
gure, z is the \true" zenith distanceof object S (as seenfrom the certre of the Earth), z%is the
apparen zenith distance (as seenfrom O, on the surface). Then

The angleof parallaxp = z = 2°

or the apparent zenith distance is increased over the true zenith distance by the
geocentric parallax . The azimuth is una ected by parallax. If a is the radius of the Earth and
r is the geaertric distanceof the object, then:

a

sinp = r sin z°0

Parallax is a maximum when an object appearsto be on the horizon (O, in the gure). In this
case,the horizon tal parallax, P, is given by:

. a
sinP = —
r
and generally
sinp = sin P sin 2°
or, sincep and P are small:
p= PsinZz’

The Moon hasa horizortal parallax of nearly a degree(which, paradaically, can make it di cult
to locate with a telescop if you have only geaertric co-ordinates!)
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2.2.2 Ann ual parallax

Annual parallax is causedby the Earth's rotation about the Sun and is signi cant (detectable)
for nearby stars{ but no star hasan annual parallax greaterthan 1 arcsecond.

The annual parallax of a star { or the stellar parallax is de ned asthe anglesubtendedat the
star by the Earth's radius . From the gure, clearly:

a
— = tan =
r

because is always very small.

Figure 22: Annual (or stellar) parallax.

The mean Earth-Sun distanceis calledthe astronomical unit (A U) andis roughly 149597871
km. If we de ne a parsec asthe distance of an object with a parallax of 1 arcsecondthen with
our baselineof 1 (AU):

1
= (arcseg
r (p9
and since no star has beenobsened with a parallax greater than 1 arcsecond,all known stars
must be more distant than 1 parsec.

The e ect of annual parallax is that for starsin the plane of the ecliptic, a nearby star will appear
to move oneway and then the other along a line in the ecliptic. A star at the ecliptic poleswill
descrike a circle (with radius equalto the parallax of the star), but generallya star describesan
ellipsewith semi-mgor axis equalto the stellar parallax.

As we have seen,annual parallax does not have a large e ect on celestial positions. Howeer,
annual parallax is fundamenal to astrophysicsasthe rst stepin determining distances.we shall
return to this later.

2.3 Prop er motion

The prop er motion of a star is simply that part of the space motion of the star which is
perpendicular to the line-of-sigh. This results from the motion of the star relative to the Sun
(which is itself orbiting the galactic certre at more than 200 km/sec).

The part of the spacemotion along the line-of-sigh is called the radial velocity and has no
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Figure 23: Parallactic ellipse (for generalposition of a star).

e ect on the apparen position of a celestialbody. Radial velocity is measuredby the Doppler
shift of spectral features.

2.4 The aberration of starligh t

Aberration is alsodueto the Earth's motion and hasa somewhatsimilar e ect to annual parallax.
By the early 1700'sa number of attempts had beenmadeto detect stellar parallax. An attempt
by Bradley in 1727 detecteddiisplacememn in  Dra but in a di erent sensethan expected from
parallax. Bradley evertually realisedthe causeof the displacemeh was stellar aberration .

The usual analogy for aberration is that if you stand still in the rain, raindrops appear to fall
vertically; if you walk, the raindrops appear to fall at a slight angletowards you.

If the Earth's linear velocity is v, whilst light travels a distancect down the telesco, the Earth
(and the telescom) travels a distancevt.

Fromthe gure, isthe direction of the star relative to the Earth's motion, and °is the apparen
direction of the star (changedby aberration) { a smallerangle.

{ 9, the obsened displacemen is given by:
0

From the triangle (and writing

sin _sin
vt ct
S0 : vV ., Vo
sin = —sin = —sin ( )
c c
and v
sin = E(sin cos cos sin )

Dividing by cos  and shuing things around gives

Vo v
tan = —sin (1+ —cos ) !
c c

23



Figure 24: The aberration of starlight. (Note: angle should be ©and vice versa).

since is always small, we can write tan = , and expandthe right-hand bracket, so
Vo Vi, .
= —sin ~(9)?sin 2+
c c

This, of course,is the classicaltheory; the relativistic derivation givesthe same rst two terms.
But, in practice, sincethe Earth's velocity is only a ten thousandth of the velocity of light, only
the rst term is usually relevant to us, and we can write

VA )
= —sin = ksin
C

wherek is the constant of annual aberration . This can be measured,but can also be calcu-
latedfrom

K= Vo 2 (Radius of Earth% orbit)
" ¢ Period of Earth% orbit (year) ¢
> 2 (15 109)
‘ : .
3156 103 100) 'adans
K 2 (1.5 10'%) 206265 arcseconds
3L56 1003 109
and

k = 20:47arcseconds

Of course,the Earth's axial rotation alsohasan e ect and we can derive v=c for this from

Ko = v _ 2 (Radius of Earth) cos(latitude of obsener) 206265
47 ¢ SiderealDay c

and
kg = 0:32 arcseconds
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The e ect of annual aberration is that all stars appear to describe an ellipse on the sky during
the courseof the year. The semi-mgor axis of the ellipseis k, the constant of annual aberration,
and the semi-minoraxisis k sin , where is the celestiallatitude of the object.

2.4.1 Comparison between the e ects of parallax and aberration

The generale ects of parallax and stellar aberration are similar { both causea departure of the
obsened position from the true postion which follows an ellipse throughout a year.

Di erences are:

The ellipsesare 90 out of phase{ the phaseof aberration is the sameasthe parallax phase
would have been3 morths earlier.

The e ect of aberration is much bigger; k = 20.47 arcsecondswhereasstellar parallax is
always lessthen 1 arcsecond.

The e ect of aberration is the samefor all stars{ it is de ned only by the Earth's motion
around the Sun { whereasthe e ect of parallax also dependson the distance of eat star.
This meansthat nearby stars canreadily be seenmoving relative to \background" stars. In
the caseof aberration, starsin a small eld will shov no relativ e motion.

2.5 Atmospheric refraction

The e ect of refraction in the atmosphereshifts the obsened position of a star towards the
obsener's zenith, soit is an e ect speci c to a given location (rather than being dependert on
the Earth's position in its orbit, for example).

Assumethat the atmospherecan be represetted by a seriesof homogeneousayers, increasingin
refractive index ( ) towards the ground.

Figure 25: Atmospheric refraction.
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Snell'slaw of refraction gives(seethe gure):
oSINi; = 418inNTry
18N, = ,s8Iin Ty

and soon. Sincer; = i,, we can write:

oSINi; = 418inTry
18iNry = ss8inr;
>SiNr, = 38inr;3
to
hn1SiNr, ¢, = ,sinr,

and almost everything cancelsout, leaving:

oSINiy = ,Sinr,

Since  is the refractive index of vacuum (= 1) and we can write ,

(the refractive index

at ground level), i; = z (the true zenith distance of the star), and r, = z, (the obsened zenith

distance of the star):

sinz = sin z,

If the angle of refraction ,R =z z,, then:

Zzz = R + z4
and
sin (R +z) = sin z,
SO
sin z, cosR + cosz,sin R =  sin z,

SinceR is very small, we can write cosR= 1 and sinR = R, so:

sinz, + Rcosz, = sin z,
R = ( 1) tan z, radians
or
R = 206265( 1) tan z, arcseconds
equivalert to

R = ktan z,

(and thereforek) dependson air temperature and barometric pressureat the time of obsenation.
At standard temperature (273 K) and pressure(1000millibars), k is about 59.6arcseconds.The
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Astronomical Almanac givesthe following formula for deriving k for other valuesof temperature
and pressure:
1627  P(millibars)

273+ T C

One easily seene ect of refraction is that the Sun appears\squashed" when on or near the
horizon. This is becauserefraction displacesthe bottom edgeof the Sun by a greater amourt
towards the zenith than the top edge.

It also meansthat objects rise sconer and set later than would be expected from positional
calculationsalone.

Figure 26: The e ect of atmosphericrefraction on the solar disc { obvious becausethe Sunis right on the horizon.
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2.6 Atmospheric disp ersion

Atmospheric dispersion has little e ect on the position of stars, but is essetially a result of
refraction and sois briey described here. The refractive index of any medium is a function of
wavelength. In the caseof air, this is shovn in the gure.

Figure 27:

The e ect that this hasis to refract blue light more than red light. For starsat signi cant zenith
distances,the atmospheric disp ersion forms a small spectrum of the star image (see gure).

This can be a problem, for example,when keepinga star image on a spectrographslit. Suppose
that ared-sensitive CCD wereusedto seta star imageon the slit, but that blue light wasrequired
in the spectrograph. In this exampleit is possibleto \miss" the star altogether.

Figure 28: Schematic of the e ect of atmospheric dispersion. z is the zenith distance of the star (90 { altitude).
The positions of imagesat 350,500 and 920 nm, relative to 450 nm.
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Onesolution is to setthe spectrographslit sothat the atmosphericdispersionis alongthe slit. For
a long exposure,this might meancortinuously rotating the slit during the exposure. It obviously
helpsto keepexposuresshort (though this might not be possible)and to make obsenations as
near to the zenith as possible.

Various Atmospheric Dispersion Correctors (ADC) are in existence. The simple solution is to
put a prism in the beamto courter the atmosphericdispersion. A simple prism would deviate
light from the optic axis, so an Amici prism is used. This is a two prisms of the sameangle
but di ering refractive indices,cemetted together forming an optical elemen in which the outer
surfacesare parallel, and which leaveslight of intermediate wavelengthsundeviated while light
of longer and shorter wavelength are deviated so asto correct for the atmosphericdispersion.

To allow for the systemto be tuned for di erent zenith distance,two prisms can be used;when
in opposite orientation, thesegive zerodispersion,whenin the sameorientation they give twice
the dispersion of a single unit.

Figure 29: Schematic of double Amici prism set up for correcting atmospheric dispersion.

29



